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A general scheme of fractal decomposition of exponential operators is presented in any order
m. Namely, exp[x(4 + B)] =S, (x) + O(x”* ') for any positive integer m, where

A B t,4 #B
S, (x) =e"" e " "7

--e"™* with finite M depending on m. A general recursive scheme of

construction of {#;} is given explicitly. It is proven that some of {#;} should be negative for
m>3 and for any finite M (nonexistence theorem of positive decomposition). General
systematic decomposition criterions based on a new type of time-ordering are also formulated.
The decomposition exp[x(4 + B)] = [S,, (x/n)]" + O(x" +1/n™) yields a new efficient

approach to quantum Monte Carlo simulations.

I. INTRODUCTION

The concept of fractal path integrals is introduced in
this paper, namely, a general new scheme of fractal decom-
position of exponential operators is presented together with
some explicit real and complex representations. A brief re-
port of the present idea has already been given in a previous
letter.!

The main purpose of the present paper is to find a sys-
tematic series of approximants of the form

fn(A,B) = e P g, (1.1)

for the exponential operator exp[x(4 + B)] with real or
complex numbers {tj} with finite M. Namely, the product
operator (1.1) for integer m plays a role of the mth approxi-
mant of exp[x(4 + B)] in the sense that

exp[x(A+ B)] =£,(4,B) + O(x"*")

for small x.

The above new scheme (1.2) with (1.1) is very useful in
studying theoretically quantum many-body systems using
the following generalized Trotter formula:*~

n a4l
explx(4 + B)] = [fm(i,ﬁ)] +o(x _ ) (1.3)
R R n
for the approximant £, (4,8) in (1.2). Thus we find that the
convergence of our new scheme is extremely rapid for
x/n < 1. This choice of decomposition is practically impor-
tant in quantum Monte Carlo simulations.*”

In Sec. II, a general recursion method' is presented to
explicitly obtain the decomposition formula (1.2) and some
symmetry relations of decomposition are derived, particu-
larly concerning the relation between the (2m — 1)th and
2mth approximants. In Sec. ITI, some typical schemes of real
decomposition are presented explicitly. Complex decompo-
sition is given in Sec. IV. The proof of nonexistence of *“posi-
tive decomposition™ [i.e., (1.1) with all positive {#,}] is giv-
en in Sec. V. In Sec. VII, a general method to expand the
product (1.1) in a power series of the operators 4 and B is
proposed. This is a time-ordering method analogous to
Feynman’s time-ordering technique. Sum rules concerning

(1.2)
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the coefficients of the power-series expansion of the expo-
nential operator exp[x(4 + B)] arealsoderived. These sum
rules are conveniently used in reducing the number of equa-
tions to determine the parameters {#,} in (1.1), as will be
seen later. In Sec. VII, general decomposition conditions are
derived explicitly. In Sec. VIII, a fractal-temperature quan-
tum Monte Carlo method is formulated with an emphasis on
the rapid convergence of it. In Sec. IX, a fractal-time Monte
Carlo method is discussed with some possible applications to
nuclear physics and to chemical reactions. A combination of
the present fractal decomposition and Sorella’s method is
proposed in Sec. X. Summary and discussion are given in
Sec. X1.

Il. RECURSION METHOD AND SYMMETRY
PROPERTIES OF DECOMPOSITION

It is extremely complicated to determine the parameters
{£,} in such a primitive way as we expand (1.1) and equate
each term thus obtained to the corresponding term of the
original exponential operator exp[x(4 + B)], as will be
seen in Sec. VIIL.: .

In the present section, we devise a recursion method to
find a systematic series of approximants (1.1), namely, we
have the following fractal decomposition theorem. '

Theorem 1 (construction theorem): For the exponen-
tial operatorexp[x(4, + 4, + *** + 4,) ], weconsider the
following (m — 1)th approximant:

exp(x zq: Aj) = Q1 (%) + O(x™).

J=1
Then, the mth approximant @, (x) is constructed as fol-
lows:

Qm('x) = H Qm—-l(pm,jx)7

ey
for r>>2, where the parameters {p,, , } are the solutions of the
following decomposition condition that

j:lpjz,f- = 0, with i Pm,; = 1.
< .

J=1

(2.1)

(2.2)

(2.3)
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The proof is easily given from the following identity:

q r q
exp(x AZ Ak> = H exp(pm_jx Z Ak>.
c =1 k=1

Jj=1
First, we substitute the (m — 1)th approximant
Q.. - (p,,;x) in each factor of (2.4). The decomposition
condition (2.3) is derived both from the requirement that
the sum of the uncontrollable mth-order terms in (2.4)

(S ) L)

=1

(2.4)

(2.5)

should vanish, and from the requirement that the corre-
sponding sum of the mth-order terms in each Q,, _, (p,, ;X)
should also vanish. In order to study the latter condition
explicitly, we write the mth-order term of @,,, _, (x) as

[Qn - ()] =x"P,({4,}). (2.6)

Then, the sum of the mth-order terms in each factor of the
right-hand side of (2.4) is given by

(3 o, JPa b,
=1

Fortunately we find that the two uncontrollable expressions
(2.5) and (2.7) vanish under the single common condition

=1

Thus we arrive at Theorem 1. It should be remarked here
that only cross terms of each factor @, _, (p,, ;X) in (2.2)
contribute to the mth-order term of @, (x). This is one of
the reasons why the convergence of the present new scheme
is very rapid and why it is physical in the sense that quantum
coherence comes from the noncommutativity of the opera-
tors 4 and B, namely, the cross effect.

Next, we discuss the equivalence theorem'? between
the (2m-1)th and 2mth approximants, when they are sym-
metric, namely,

QZm_l(_‘x)anfl(x) = 1.

We have the following theorem.

Theorem 2 (symmetry theorem): We assume that the
original operator F(x) with a parameter x is symmetric in
the sense that

(2.7)

(2.8)

(2.9)

FxX)F(—x)=1; F)=1, (2.10)

and for it we construct, in general, a symmetric (2m — 1)th-
order approximant G,,, _, (x), namely,

F(x) = G,,,_, (x) + O(x*™), (2.11)
where

Gy 1 (X)Gy,,_ (—x) =1 (2.12)
Then, G,,, ., (x) isalso correct up to the order of x>, name-
ly,

G -1 (X) = Gy, (). (2.13)

This theorem was mentioned briefly in Ref. 2 without
detailed proof. The proof is given as follows. First, we put

F(x) = Gpp 1 (x) + x*"Ry,, ({4,}) + O™+ ).
(2.14)

Then, from (2.10), we have
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-Rzm ({Aj})sz__ (—X)

+G2m——l(x)R2m({Aj})=0(x)’ (2.15)

using the symmetry property (2.12). As we have
G,,, _1(0) =1 (unit operator) from (2.10) and (2.12), we
arrive finally at

R, ({4,}) =0, (2.16)
by putting x = 0in (2.15), namely, we have the desired rela-
tion (2.13).

This theorem is particularly useful when the odd ap-
proximant G,,, _, (x) is easily obtained, as will be seen later.

lil. REAL DECOMPOSITION BASED ON THE
RECURSION METHOD

In the present section, we explicitly derive some typical
schemes of real decomposition using the general recursion
method.

The simplest decomposition of exp[x(4 + B)] is

fi(4,B) = ee® (3.1
as is well known. This is of the first order of x. The simplest
second-order decomposition is given by the following sym-
metric product:'-®

S(x) — e(x/Z)AexBe(x/Z)A’ (3.2)
namely,
1B — §(x) + O(x?). (3.3)

First, we consider the case r = 3 in Theorem 1. Namely,
we start from the following identity

x(A+ B) sx(A + B)e(l —~ 25)x(A + B)es.x(A + B)

(3.4)
The third-order symmetric approximant .S, (x) is given by
S, (x) =S(sx)S((1 — 25)x)S(sx), (3.5)

where the parameter s is given' by the real solution of the
equation

e =&

25 + (1 =25)*=0, (3.6)
according to Theorem 1, namely,
s=1/(2 = 3/2) = 1.3512.... (3.7)

Thus the simplest real decomposition of third order is given'
explicitly by
53 (x) — e(.s/Z)erxxBe[ (1 - s)/ZIer(l — 2s5)xB
Xe[(l —s)/2]erxxBe(S/2)xA’ (38)
with s in (3.7). This is symmetric in the sense that
S;(x)S;(—x)=1. (3.9)

Then, we can supply Theorem 2 to obtain the fourth-order
approximant S, (x) as

S, (x) = S, (x). (3.10)

In general, the (2m — 1)th and 2mth approximants,
S,,, 1 (x) and S,,, (x), are determined recursively as
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S (x) =8, (x)
= Som— 3 (kyX)S5,, 1 ((1 =2k, )x)
XSom 3 (KpX), (3.11)
where
ky = (2=2V@m=Dy -1, (3.12)

It should be noted here that all the parameters {k,,} are
larger than unity (i.e., k,, > 1), and consequently that this
series of approximants is not convergent in the limit m — .
Thus this scheme of decomposition is not practical for large
m.

Next, we try to find a practical scheme of real decompo-
sition, namely, for real ¢,, whose magnitude is less than unity
(i.e., |1,,] < 1). For this purpose, we consider’ the following
symmetric real decomposition for the exponential operator

F(x)=exp[x(4, +4, + " +4,)]
=S* (x) +0x*"+h, (3.13)
From Theorems 1 and 2, we have the recursion formula'
S§%,(x) =8%, 1 (x)
= [S3,_3(Pnx) 1254, _5((1 —4p,,)x)

X[8%, _s(pax)]? (3.14)
with the first- (or second-) order symmetrized decomposi-
tion?

S, *(x) = S(x) = QDA N Ay /DA,

XA, (X/TYA, 4., (3/2VAy (/D)4

Xe e e e , (3.1%)
where the parameter p,, is the real solution of the equation’
4p3nm—l + (1 _4pm)2m—l ___0’

ie, p, = (4 —4/CGm=1y-1 (3.16)
In this scheme, we have
jl;<Pm <% and |1_4pm{<§’ (3.17)

for all m (>2). The parameters {t;} in (1.1) for the 2mth-
order approximant are given by the product of some combi-
nations of

DaPssesPmy 1 —4p,, 1 —dps,..., 1—4p,.
(3.18)
Therefore, we have
lim £, =0, (3.19)

for all j. Namely, each separation of the present decomposi-
tion becomes infinitesimally small for 72— « and its struc-
ture is asymptotically fractal®® as shown in Fig. 1. The con-
vergence of S¥* (x) to the original exponential operator
F(x) in the Banach space will be discussed elsewhere.

There are many other alternative kinds of decomposi-
tion of the form (1.1) with real numbers {tj}. For more
general schemes, see Sec. VII.

IV. COMPLEX DECOMPOSITION

It is much easier to find complex decomposition of the
form (1.1), namely, with complex {z,}. For this purpose,
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FIG. 1. Fractal structure of the decomposition S%(x). (a) S¥(x)
=S¥x); 4 =ty =P, L=t =41 ~-3p,) 1, =1—4p,, others
=p;. (b) S¥(x) =S¥(x); the number j denotes £; t, = t5, = ip,p;,
L=l =by =ty =ty =ty =hs =l =41 =3p,)p, by =8, =1
=l = =A4p)pss by =4y =1 =303 ), by =hy=hy =ty .
=ty =hy=p(1=4p,), hs =1, =i1=3p)(1—4p,), b,
= (1 —4p,)(1 ~4p,), others = Py Pyi where P:
= 0.414 490 771 794 375 7..., and p, = 0.373 065 827 733272 8.... Fur-
thermore, all ¢, are measured in the unit of x.

only Theorem 1 is sufficient, because the decomposition con-
dition (2.3) in Theorem 1 has always some complex solu-
tions for any integer m.

For example, we consider the case r=2. Then, the
third-order decomposition is given' by

Q4§ (x) = S(ax)S(ax), (4.1)
with S(x) defined by (3.15) and withd = 1 — a = complex
conjugate of a, where ¢ and @ are the solutions of the equa-
tion

38 —3a+1=0, ie, a=(3++30)/6. (4.2)
More explicitly we have!'®
Q 32)(x) — e(a/z)reraxBe( l/Z)er&xBe( 1/2yaxA (4.3)

for g =2 in (3.15).
In general, the mth order approximant is recursively
given by

QX)) =02 (px)Q3 (1 —p,)x),  (44)
with the decomposition condition
omd(l—p V"=0, ie, p, =(+explin/m)) "
(4.5)
Clearly, we have { < |p,, | < 1 for m>2 and
lim p,, =1 (4.6)
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1t is easy to find many other series of complex decomposi-
tion, The fractal structure of complex decomposition is
much simpler than that of real decomposition.

V. NONEXISTENCE THEOREM OF POSITIVE
DECOMPOSITION

TYY

In Sec. 111, we have given explicitly real decomposition
of the form (1.1) using the recursion formula (Theorem 1).
Now arises a question whether there exists positive real de-
composition (i.e., all 7, > 0) or not. To answer this question,
we have the following theorem.

Theorem 3 (nonexistence theorem of positive decompo-
sition): There exists no decomposition of the form

A
e+ oY, (5.1)
with ail 7, positive and finite A/ for m>3 and for noncom-
mutable operators 4 and B.

As a corollary of this theorem, we have the proposition
that there exists no real positive decomposition

exp( Z A)— et Lt L Ox™m Yy, (5.2)
=1

HhA 8 n4 4B
ex(AoB):el e: e\ et

for m>3 and for a finite number of products, where g>2.

In order to prove Theorem 3, it is sufficient to prove it
for mm = 3. For this purpose, it is convenient to note that the
term AB? in the product

e.x!‘ﬂe.n,Bexl,Aex,y:B' . 'eXSpBQXI”4 (53)
is, in general, given by
\ p—1 2
23 (S s )ase (5.4)
k=j+1
This has to be equal to 4B /6, namely, we have
p—1 p 2 1
2 tl( Z sk) =?. (5.5)
IEX A |
Similarly, for the term B4 * we have
P 4 2 1
Z s,(Z tk) =—, (5.6)
=1 ho=j 3

The existence of positive solutions {t;} and {s;} of Egs. (5.5)
and (5.6) is only the necessary condition for the existence of
real positive decomposition. However, it is sufficient for the
proof of Theorem 3, to show that there exist no positive real
solutions in (5.5) and (5.6) under the conditions that

p p

t, =1 and s, =1
>4 25
;0 =

At a glance, it looks very difficult to prove the above state-
ment. However, it is found to be possible by changing the
variables {r,} as

5 =45 3

k=j
for positive 5,. Then, Eq. (5.6) is transformed into the hy-
persphere

(5.7)

(5.8)

X)X 4 xg = (1/43)%
On the other hand, Eq. (5.5) is rewritten as

(5.9)
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(5.10)

j= l 1 \k = + 1
using the relation ¢, = 1 — tl —t; — -+ —t,. This is again
transformed into the following hyperplane:

L 2

ax =2 (5.11)
j;l S 3
where
P
g, =\E(sj +2 ¥ sk> and a, =s,%? (5.12)
k=j+1

The distance R between this hyperplane and the origin in the
p-dimensional space is given by

R=3f{s;H~'7? (5.13)
where
fdsh = i a. (5.14)

—

J

If R<1/\3, there exists a real solution of the simultaneous
equations (5.5) and (5.6). Otherwise, there exists no posi-
tive real solution. Now we try to find the maximum of the
function f({s;}) in the range 0 <s; < 1. If the maximum of
f({s b is less than 4/3, then there exists no positive real
solutlon of (5.5) and (5.6).

Now the maximum of f({s, }) is shown to be given at the
symmetric point

(5.15)

For the derivation of this statement, see the Appendix. Thus
the maximum of f/({s;}) is given by

5| =8, =58 =""=5,=1/p.

Srnax =f({i])=i<4—i). (5.16)
p 3 r’
Clearly, we have
Soax <% (5.17)

for finite p. Therefore, we finally arrive at the conclusion that
there exists no real positive decomposition of the form (1.1)
for m = 3. This yields immediately Theorem 3 for m>3.

It is interesting to remark that the function f({s,}) has
the maximum value 4/3 only in the limit p — « as seen from
(5.16) In fact, the ordinary Trotter formula'"!?

ex(A+B) — hm (exA/nexB/n)n (5.18)
= 0
may be one of the examples for (5.1) withp— « and m - .
From Theorem 3, we may conclude that our previous
fractal decomposition with negative {z,} in Sec. III is sub-
stantial in its character. A physical meaning of this decom-
position will be discussed later. Clearly, from our construc-
tion scheme of decomposition, there are many alternative
schemes that always include some negative {z,}. In Sec. XI
and Sec. XII, we discuss a systematic general scheme of de-
composition.

VI. TIME-ORDERING METHOD AND SUM RULES

According to Feynman’s path integral method, for ex-
ample, the density matrix of a quatum system is represented
by some time-ordered exponential.'>'* More explicitly we
frequently use the well-known formula
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BA+B

P [exp(fp A (T)d'r)exp(J.p B(T)dT)] (6.1)
(¢ 0

using the time-ordering operator P, namely,
[A(r)B(7y), for 7| <7y,
13(7'2 YA(r), for 7, <7y.

In the present section, we give an inverse formulation,
namely, we propose here a general method to express the
product of exponential operators (5.1) as a single exponen-
tial operator using the time-ordering method.

Now, we consider first the following product

E(4,B) = (6.3)

Our purpose is to find any order of E (4,B) as efficiently as
possible. A primitive and tedious method may be to expand
each exponential operator into a power series of 4 or Band to
collect the required terms. This is too complicated and not
practical even for small M.

Our proposal is the following. First we write £,4 as 4,

and ¢, B as B,. We introduce a time-ordering operator P as

PlA(T))B(1,)) = (6.2)

04 1B 1A 0GB, %!
e'ee e g™,

PAA {AjA,(, for j <k, 64
(4,4,) = A4, for k<, (6.4)
PAB [AjBk, for j<k, 65
(4;B,) = B4, for k<), (6.5)
etc., as usual. Then we may express E(A4,B) as
E(A,B) =P(exp(2 AZ_[—-] + 2 BZI())
=1
= P(exp(z A4, ,)exp( E sz))
-2 Sz ) (3 2)):
(6.6)

After the operation of the time-ordering P, we replace 4, and
B, by 1,4 and ¢, B, respectively.

For example, the third-order term of the form 4 * is ob-
tained as

p(sa, Y=L(v. Va3
3P (2 A1) =5\ 2 - )40

as it should be. The terms AB?, B?A4, and BAB are obtained

w7 ((Z 4 (2, )

/
= b1\ D tw ) AB
=1

kzj

(6.7)

Z tz,ct,h‘zz,BAB (6.8)

This expression has already been used in deriving the rela-
tions (5.5). The terms 4 *B, BA ?, and ABA are given similar-
ly. Clearly, from (6.8) we obtain the following sum rule,
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namely, the sum of the coefficients of 4B %, B4, and B4R is

given by

Tz ) (2 m)

This kind of sum rule is very convenient in practical
calculations, since the number of equations for the decompo-
sition condition is highly reduced using this sum rule. For
example, we consider the symmetric decomposition

(6.9)

ex(A + By eprequererst
N/ -rxA-axE-DxA e TRV 1L 10N
A€ + VLA ), {G.1U)

The whole correct third-order term of exp(x (4 + B)}is giv-
en by

(x*/6)(A + B) = (x*/6)(A°*+ A*B+ BA* + ABA

+AB?+ B?4 + BAB + B*). (6.11)

On the other hand, the third-order term of the right-hand
side of Eq. (6.10) is expressed in the form

(x*/6)(4° + B*) + {a(4B* + B?4) + BBAB
+ Y(A2B + BA?) + 8ABA }x°, (6.12)

using the symmetry property of (6.10) with respect to trans-
position. Furthermore the above sum rule yields

200+ PB=1)and 2y +6=1 (6.13)

Consequently, if only the two coefficients are determined
correctly, then all the other terms become automatically cor-
rect in the third order.

This reduction of the number of equations for decompo-
sition conditions based on the sum rule has been one of our
clues to try to find the proof of Theorem 3 (the nonexistence
theorem of positive decomposition) in Sec. V. In fact, Egs.
(5.5) and (5.6) are now found to be necessary and sufficient
conditions for the third-order symmetric decomposition, if
we apply the above sum rule to this problem.

VIl. GENERAL CRITERIONS OF DECOMPOSITIONS
In this section, we study a general scheme of decompaosi-

tion of the form

exp(x é": Ak)

H H exp(tpA,) + 0"+

F=1k

(7.1)
with the conditions
Z = x, for all k. (7.2)
F=1
First, we write £, 4, as
tj/\'Ak =Aj[\" (7'3)
We introduce here the following time-ordering operator P:
AyAd,, for j<ior
for j=1i, k<r,
P4, A,) = 7.4
(Aidir) A,4,, for i<jor 74) B
for i=], r<k.
Then, we have
Masuo Suzuki 404
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H H exp (2 A, )—Pexp( A, )
JE1RE ik
P
=P(H exp(z _/k))' (7.5)

\K =1

We obtain the following sum rules, namely, the sum of the

coefficients of all the products of p, 4,’s, p, 4,’s,..., and p,
A,’sis given by
!

LN 1 _1—_’ (7.6)

plptpt omb o ppytp!
where

p+pt +p,=m (7.7)

}

=1

m‘ (z Ay + Z B2A)
J X

ez )z
=rl(ze S aremsa- (g
+Z( >

J o Nksj—1
2] r
) +Z( > tu) Ly, —1 > fzk) Ly, 1
Jp \ksji—1 jiak<f, — 1

XB'"“A+...

In particular, the symmetric decomposition of the form

el',.x,4es|xBet,ertsze!:xA .. .es,,xBel,,xA’ (7'1 1 )
with the symmetry condition
Lo =ty =1, 15eesS) =855 =S, _ 150 (7.12)

Then, the third-order decomposition condition is given by

r 2 1
Z I,\(Z sj) =— (7.13)
K=o\ =k 3
and
P 2 1
Sa( £ 0) =1 (7.14)
=1 \j=F4 1 3
with
Zt—land Zs——l (7.15)

Jj=1
Thls also gives the fourth-order decomposition condition
owing to Theorem 2.

It is easily seen that the fractal decomposition in Sec. III
is a special solution of (7.13) and (7.14). Consequently,
there are many other real solutions in (7.13) and (7.14)
with (7.15), as will be seen easily from the consideration on
the number of equations of decomposition condition and the
number of parameters. In fact, the former is four (cf. the
condition on the second order is satisfied automatically
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Some explicit applications of the present general scheme
together with the sum rule will be given explicitly in the
following. The coefficient of the product 4,4, 4,,, for exam-
ple, is given by

p P P x3

Z Z tjktlltsp —_
j=li=js=1i 6

for I £k and / #n. The coefficient of the product 4,4, is
given by

> (Bu)u=5
i;i \j§<:, tjk/ Ly =3
for k #1.

Next, we study the mth term of (5.1). It is given by

(7.8)

(7.9)

m—1 m— 1
> ABm—‘l_’-mZth_]( Z t2k>
J j— 1

ksf—

mn - r—1
) ,2,_,(%) B
kzj

Z tz/\>‘t2j14I".XB,‘IAB"ZAB’}'--+...]'

jasksjy — 1

(7.10)

owing to the symmetry property and the sum rule), and the
latter is (p + 1). Thus the relevant parameters {z,,s;} are
redundant, when p>4. The symmetric decomposition of
third order for p = 3 (namely, M = 2p + 1 = 7) is unique,
as is seen from (3.8). This is the reason why the decomposi-
tion S; (x) in (3.8) could be found first in the present study,
and why there exists no real symmetric decomposition in the
form (7.11) with (7.12) for p<2 (namely for M<5).

VIli. FRACTAL-TEMPERATURE QUANTUM MONTE
CARLO METHOD

The partition function
Z =Trexp( — L) (8.1)

may be calculated using the fractal decomposition intro-
duced in the present paper. Now, we put

H=5+V. (8.2)
Then we have
zZ =Tre—ﬁ(’yn+ V)
= lim [S,,*( —B/n)]", (8.3)

where S* (x) is given by (3.14) with the fractal numbers
{p,.} given in (3.16).
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This new scheme is much better than the ordinary sec-
ond-order decomposition

—(fB/Zn,y ¥ ~ B/ V _ — (/2 #
ZZ=TI'[€ B/Zn, g B/ng e (B/2ng) n]"'o, (8.4)

when the criterion

(58/n)*"~*«1 (8.5)
is satisfied. This criterion is easily derived from the following
consideration. The number of products of partial Boltzmann
factors e and "’ is estimated to be (2:5™ ! 4+ 1)n for the
approximant S %, (x) in (3.14). On the other hand, it is giv-
en by 2n, + 1 for the ordinary symmetric decomposition
(8.4). For the same number of products, the accuracy of our
new scheme is seen to be of the order of 82" * ! /n*" from the
formula

exp[ —B(H o + N =[S (=B/m)]"
+ 0(‘82‘m+ l/n2m)’ (8.6)

The accuracy of the ordinary symmetric decomposition is of
the order of

O(B°/ny) = O(B*/(n*-57" 7)), (8.7)
Thus our criterion is given by
ﬁZm+1/n2m<ﬂ3/(n2,52m—2). (88)

This yields (8.5). Therefore, our new scheme is extremely
efficient when

B<n/s. (8.9)

Some explicit applications of the present fractal-tem-
perature quantum Monte Carlo method will be reported
elsewhere.

IX. FRACTAL-TIME MONTE CARLO METHOD

It is also possible to formulate the following fractal-time
path integral

(ale"” 7|by = lim (a|[S% (it /n#)]"|b) 9.1)

with S* (x) in (3.14). This representation of the matrix
elements of the transition operator ¢”” “# is very convenient
from a practical point of view. In particular, this may be

useful in studying nuclear and chemical reactions.

X. ANEW EFFICIENT METHOD OF QUANTUM MONTE
CARLO SIMULATIONS—COMBINATION OF THE
FRACTAL DECOMPOSITION AND SORELLA’S
METHOD

It is quite interesting to combine the present new scheme
with Sorella’s method.'*"* We propose here a new idea to
apply the present fractal scheme to Sorella’s method, name-
ly, that we make use of the fractal decomposition in con-
structing Sorella’s orthogonalization scheme. This new idea
will be applied to two-dimensional frustrated quantum sys-
tems in order to clarify the mechanism of the high-7,. super-
conductivity.
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X1. SUMMARY AND DISCUSSION

In the present paper, we have formulated a general
scheme of fractal decomposition of the form (1.1). This has
a fractal structure in our recursive scheme. It has been prov-
en that some of the decomposition parameters {¢,} should be
negative (nonexistence thearem of positive decomposition).
This fact seems to have a very instructive physical meaning.
That is, the negative time may be interpreted to express
quantum fluctuation of holes or antiparticles. This new in-
terpretation will be discussed in more detail elsewhere.

Hopefully, the present new fractal scheme of higher-
order decomposition of exponential operators will be applied
to many quantum many-body systems in near future.
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APPENDIX: DERIVATION OF THE MAXIMUM POINT
(5.15)

From the expression (5.14) of the function f({s;}), we
have the derivative of it with respect to the variable s, as

"é"f“= — (1 + 8 +bz)2+2{1 - (5 +bz)2}
ds,
+ (53 + 2b3)* + 25, (s, + 2b3) =0, (A1)
where b, is defined as
bj=Sj+Sj+,+"'+Sp‘ (Az)
The solution of (A1) with respect to s, is given by
5, = (1 = by). (A3)
By combining (A3) with (5.7), we obtain
S‘ =SZ=%(I'—b3)- (A4)
Similarly, we have
U~ 2b, — 362 + dsy (s, + 26,)
53
+ (353 +2b,)(s; +2b,) =0. (A5)
Using (A4) and (A5), we obtain
5, =8, =8, =1(1 —b,). (A6)
Successively, from the maximal condition
ar
2 =y, A7
25, (AT)
We obtain
Sl=SZ=33=“.=sk=(1/k)(1_bk+l)‘ (AS)
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Finally, we arrive at the conclusion (5.15). It is also shown
easily from the above expressions of derivatives {df/ds;}
that the symmetric point s, =s, =583 =**- =5, =1/pis
the maximum one of the function f{( {sj}) in the first zone
(s, > 0) of the p-dimensional hyperspace.
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